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We investigate the generalized K → π transition vector and tensor form factors, from which we derive 
the transverse quark spin density in the course of the K → π transition, based on the nonlocal chiral 
quark model from the instanton vacuum. The results of the transition tensor form factor are in good 
agreement with recent data of lattice QCD. The behavior of the transverse quark spin density of the 
K → π transition turns out to be very similar to those of the pion and the kaon.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Semileptonic decay of the K mesons (Kl3 decay) provides a 
solid basis for testing various features of the Standard Model 
(SM). In particular, the Kl3 decay can be used for determining the 
Cabibbo–Kobayashi–Maskawa (CKM) matrix [1,2] precisely within 
the Standard Model (SM) (see for example a recent analysis [3]
and references therein). Since the W -boson exchange in the SM 
governs the physics of the Kl3 decay, the K → π vector transi-
tion elements have been mainly considered to describe the Kl3
decay, while other terms such as the tensor component were set 
aside. Several experimental collaborations have searched for possi-
ble nonzero values of the K → π tensor form factors but found 
that the results turned out to be more or less consistent with 
the SM prediction of the null value of the tensor form factors 
[4–8]. On the other hand, extensions beyond the SM (BSM) with 
supersymmetry shed new light on the role of the tensor opera-
tor in describing various weak decay processes of the kaon [9–13]
(see also recent reviews [14,15] and references therein). These ten-
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SCOAP3.sor operators arising from the BSM extensions reveal new physics 
originating at the TeV scale, which may be checked due to re-
cent experimental progress in the near future. In the meanwhile, 
lattice quantum chromodynamics (LQCD) can also test the reliabil-
ity of these operators. Very recently, Baum et al. [16] computed 
the matrix elements of the electromagnetic operator ψ¯σμνψ Fμν
[9] between the pion and the kaon within LQCD, which may be 
related to the CP-violating part of the K → π l+l− semileptonic de-
cays.
The tensor operator has another prominent place on the 
transversity of hadrons [17–21]. While the transversity of hadrons 
provides us with essential information on the quark spin structure 
of hadrons, it is very diﬃcult to be measured experimentally ow-
ing to its chiral-odd nature and the absence of its direct probe. 
However, using semi-inclusive deep inelastic scattering processes, 
Anselmino et al. were able to extract the transverse parton dis-
tribution functions of the nucleon and the corresponding tensor 
charges [22–25]. While the transversity of the nucleon was exten-
sively studied, the transversities of the π and K mesons received 
little attention again because of experimental diﬃculties to mea-
sure them. In the meanwhile, it was found that the tensor form 
factors of hadrons can be understood as generalized form fac-
tors that are deﬁned as the Mellin moments of generalized parton 
distributions (GPDs) (see reviews [26–28] for details). Moreover, 
the tensor form factors unveil the transverse quark spin structure  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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abilistic interpretation of the transverse quark densities [30,31]. 
Recently, QCDSF/UKQCD Collaborations announced the ﬁrst results 
for the pion transversity on lattice [32]. They also presented the 
probability density of the polarized quarks inside the pion, com-
bining the electromagnetic form factor of the pion [33] with its 
tensor form factor. It was demonstrated in Ref. [32] that when 
the quarks are transversely polarized, their spatial distribution in 
the transverse plane is strongly distorted. In addition, the K → π
transitions can be also investigated from a different point of view. 
Exclusive or semi-exclusive weak processes may provide informa-
tion on the K → π transitions via the weak GPDs. In fact, the weak 
GPDs of baryons have been already examined in Refs. [34–36]. It is 
thus worthwhile to study the K → π transition GPDs. The K → π
transition GPDs provide much more information than the Kl3 form 
factors and the tensor form factors, since they include all infor-
mation about the K → π transition generalized form factors, as 
mentioned above.
Thus, in the present work, we want to investigate the general-
ized transition vector form factors and the multi-faceted general-
ized tensor form factors in the context of the K → π transition. In 
Ref. [37], two of the authors have investigated the transition vec-
tor form factors of the Kl3 decay, based on the low-energy effective 
chiral action from the instanton vacuum. However, Ref. [37] con-
centrated mainly on the Kl3 decay. In this work, we extend the 
previous investigation by computing the K → π transition vector 
and tensor form factors also in the space-like region. Once we have 
these form factors, we can immediately study the transverse quark 
spin densities of the K → π transition.
In the present work, we want to utilize the nonlocal chiral 
quark model (NLχQM) from the instanton vacuum to compute the 
K → π transition vector and tensor form factors, aiming at ex-
amining the transverse quark spin densities in the course of the 
K → π transition. The NLχQM from the instanton was ﬁrst de-
rived by Diakonov and Petrov [38,39] in the chiral limit and was 
extended beyond the chiral limit [40–42]. Since the instanton vac-
uum realizes the spontaneous chiral symmetry breaking (SχSB) 
naturally via quark zero modes, the NLχQM from the instanton 
vacuum provides a good framework to study the vector and ten-
sor form factors of the K → π transition. In fact, the model has 
been proven to be successful in reproducing experimental data or 
in comparison with the results of LQCD for the π and K mesons 
such as the low-energy constants of the chiral Lagrangians [43,44], 
electromagnetic form factors [45], meson distribution amplitudes 
[46–51], semileptonic decays [37], tensor form factors [52,53], etc.
[54].
The NLχQM is characterized by the two phenomenological pa-
rameters, i.e., the average instanton size (ρ¯ ≈ 1/3 fm) and the av-
erage inter-instanton distance (R¯ ≈ 1 fm). An essential advantage 
of this approach lies in the fact that the normalization point is 
naturally given by the average size of instantons and is approxi-
mately equal to ρ−1 ≈ 0.6 GeV. This fact is essential, in particular, 
when one calculates the matrix elements of the tensor current, 
since they are scale-dependent. To compare the results of the ten-
sor form factors from any model, the normalization scale should be 
well deﬁned such that the results can be compared to those from 
other models or from LQCD. The values of the ρ¯ and R¯ were es-
timated many years ago phenomenologically [55] as well as theo-
retically [38,56]. Once the above-mentioned two parameters ρ¯ and 
R¯ are determined, the NLχQM from the instanton vacuum does 
not have any adjustable parameter. Furthermore, this approach was 
supported by several LQCD studies of the QCD vacuum [57–59] and 
the momentum dependence of the dynamical quark mass from the 
instanton vacuum [39] is in a remarkable agreement with those 
from LQCD [60,66].The present work is organized as follows: In Section 2, we 
introduce the K → π transition GPDs based on which the general-
ized form factors are deﬁned. We also present the deﬁnition of the 
transverse quark spin densities of the K → π transition. In Sec-
tion 3, we show how to compute the transition vector and tensor 
form factors within the framework of the NχQM. In Section 4, we 
present the results and discuss them. The ﬁnal section is devoted 
to the summary of the present work and discuss future perspec-
tives related to the transition GPDs and generalized form factors.
2. Generalized form factors and quark spin density of the K → π
transition
The transition vector (tensor) GPDs HKπ (x, ξ, t) (EKπT (x, ξ, t))
for the K → π transition are deﬁned respectively in terms of the 
matrix element of the vector (tensor) nonlocal operators between 
the K 0 and the π− states:
2P+HKπ (x, ξ, t)
=
∫
dλ
2π
eixλ(P ·n)
× 〈π−(p′)|s¯(−λn/2)γ +[−λn/2, λn/2]u(λn/2)|K 0(p)〉,
P+ j −  j P+
mK
EKπT (x, ξ, t)
=
∫
dλ
2π
eixλ(P ·n)
× 〈π−(p′)|s¯(−λn/2)iσ+ j[−λn/2, λn/2]u(λn/2)|K 0(p)〉, (1)
where n denotes the light-like auxiliary vector. The momenta p
and p′ correspond to those of the kaon and the pion, respectively. 
The P represents the average momentum of the kaon and pion 
momenta Pμ = (pμ + p′μ)/2, whereas  corresponds to the mo-
mentum transfer μ = p′ − p, the square of which is expressed 
as t = 2. P+ = (P0 + P3)/√2 and  j are expressed in the light-
cone basis. The index j labels the transverse component, i.e. j = 1
or j = 2. The kaon mass in the denominator is introduced to de-
ﬁne the tensor transition GPD EKπT (x, ξ, t) to be dimensionless. The 
gauge connection [−λn/2, λn/2] = P exp[ig ∫ λn/2−λn/2 dx−A+(x−n−)]
can be suppressed in the light cone gauge. The generalized tran-
sition vector form factors AKπn+1,i+1 and C
Kπ
n+1,i+1 are deﬁned by the 
following matrix elements:
〈π−(k)|Oμμ1···μnV |K 0(p)〉
= S
[
2PμPμ1 · · · Pμn AKπn+1,0(t)
+ 2
n∑
i=1,odd
μμ1 · · ·μi Pμi+1 · · · Pn AKπn+1,i+1(t)
+ 2
n∑
i=0,even
μμ1 · · ·μi Pμi+1 · · · PnC Kπn+1,i+1(t)
]
, (2)
where the generalized vector transition operator is expressed as
Oμμ1···μnV = S
[
s¯(γ μi
←→
Dμ1) · · · (i←→Dμn )u] . (3)
The operation S means the symmetrization in (μ, · · · , μn) with 
the trace terms subtracted in all indices. Dμ indicates the hermi-
tized covariant derivative i
←→
Dμ ≡ (i−→Dμ − i←−Dμ)/2 in QCD. Note that 
the A1,0 and C1,1 are related to the form factors fl+ = AKπ1,0 and 
fl− = 2C Kπ of the Kl3 decay, which are deﬁned as1,1
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where s and u denote the strange and up quark ﬁelds. The gener-
alized transition tensor form factors BKπT n,i can be also deﬁned by 
the following matrix element
〈π−(p′)|Oμνμ1···μn−1T |K 0(p)〉
=AS
[
(Pμν − μPν)
mK
×
n−1∑
i=0
μ1 · · ·μi Pμi+1 · · · Pμn−1 BKπT n,i(t)
]
, (5)
where the generalized tensor transition operator is expressed as
Oμνμ1···μn−1T =AS
[
s¯σμν(i
←→
Dμ1) · · · (i←→Dμn−1)u] . (6)
The operations A and S mean the anti-symmetrization in (μ, ν)
and symmetrization in (ν, · · · , μn−1) with the trace terms sub-
tracted in all the indices. The antisymmetric tensor is deﬁned as 
σμν = i 
(
γμγν − γνγμ
)
/2. Note that there are odd and even terms 
of ξ in Eqs. (3) and (6), respectively, due to the fact that the ma-
trix elements for the K → π transitions do not vanish under the 
time-reversal transformation. The leading-order transition vector 
and tensor form factors are then expressed as
〈π−(p′)|s¯γμu|K 0(p)〉 = 2PμAKπ1,0 (t) + 2μC Kπ1,1 (t), (7)
〈π−(p′)|s¯σμνu|K 0(p)〉 =
(
Pμν − Pνμ
mK
)
BKπT 1,0(t), (8)
in which we are mainly interested. Combining Eqs. (1), (2) with 
Eq. (5), we ﬁnd the formula for nth order Mellin moments of the 
vector and tensor transition GPDs:∫
dx xnHKπ (x, ξ, t) = AKπn+1,0(t) +
n∑
i=1,odd
(−2ξ)i+1AKπn+1,i+1(t)
+
n+1∑
i=1,odd
(−2ξ)iC Kπn+1,i(t),
∫
dx xnEKπT (x, ξ, t) =
n∑
i=0
(−2ξ)i BKπT n+1,i(t), (9)
so that the transition vector and tensor form factors can be iden-
tiﬁed respectively as the ﬁrst moments of the vector and tensor 
transition GPDs∫
dx HKπ (x, ξ, t) = AKπ1,0 − 2ξC Kπ1,1 ,∫
dx EKπT (x, ξ, t) = BKπT 1,0(t), (10)
where the skewedness parameter is deﬁned as ξ = −+/(2P+). 
Finally the spin distribution of the transversely polarized quark in 
the course of the K → π transition is written as follows [32]:
ρKπ1 (b, s⊥) =
1
2
[
AKπ1,0 (b
2) − s
i⊥ i jb j
mK
∂BKπT1,0(b
2)
∂b2
]
, (11)
with the Fourier transformations of the transition vector and ten-
sor form factors
F Kπ1,0 (b⊥) =
1
(2π)2
∫
d2−ib⊥·F Kπ1,0 (t)
= 1
2π
∞∫
Q dQ J0(bQ )F Kπ1,0 (Q 2). (12)0The form factors F Kπ1,0 (t) and densities F Kπ1,0 (b⊥) stand generi-
cally either for the transition vector ones or the tensor ones. The 
s⊥ = (sx, sy) stands for the ﬁxed transverse spin of the quark. We 
choose the z direction for the quark longitudinal momentum for 
simplicity and select the x axis in the transverse plane for the 
quantization of the spin of the quark in the course of the K → π
transition in the transverse plane, that is, s⊥ = (±1, 0).
3. Nonlocal chiral quark model from the instanton vacuum
The NLχQM can be derived from the instanton liquid model for 
the QCD vacuum. Starting from the QCD partition function in the 
one-loop approximation and considering the classical background 
ﬁelds (instantons and anti-instanons) in it, one can express the 
partition function as [38,56,61]
Z1-loopreg,norm = 1N+!N−!
∫ N++N−∏
I
dξId0(ρI )
× exp(−U int)Det[m, Mcut], (13)
where N+ and N− denote the number of instantons and anti-
instantons, respectively. ξI designates generically the collective co-
ordinates including the center positions of the instantons zI , their 
sizes ρI , and orientations of the instantons expressed in terms of 
SU(Nc) matrices in the adjoint representation. d0(ρI ) represents 
the one-instanton weight, which was originally derived by ’t Hooft 
in SU(2) [62] and by Bernard in SU(3) and SU(Nc) [63] in the one-
loop approximation:
d0(ρI ) = CNc
ρ5I
β(Mcut)
2Nc exp[−β(ρI )], (14)
where β(ρI ) is the inverse of the strong coupling constant in the 
one-loop approximation
β(ρI ) = 8π
2
g2(ρI )
= b log
(
1
PVρI
)
(15)
with b = 11Nc/3 − 2N f /3. The QCD scale parameter PV here is 
given in the Pauli–Villars regularization and is related to that in 
the MS scheme PV = 1.09MS. The coeﬃcient CNc depends on 
renormalization schemes and is given in the Pauli–Villars scheme 
as
CNc =
4.66exp(−1.68Nc)
π2(Nc − 1)!(Nc − 2)! . (16)
The effective instanton size distribution which is related to d0(ρI )
is reduced to a δ-function in the large Nc limit because of the 
presence of b in Eq. (15), which picks up the average size of the 
instanton ρ¯ . The instanton interaction potential U int was derived 
and studied in Ref. [56]. The regularized and normalized fermionic 
determinant Det depends on the Pauli–Villars cut-off mass Mcut .
Since we aim at deriving the K → π transition form factors in 
the present work, we need to include the external sources for the 
vector and tensor ﬁelds in the fermionic determinant D˜et, which is 
given as a functional of Vμ and Tμν [64]:
D˜et := Det(i/∂ + g/A + /V + σμν Tμν + imˆ), (17)
where Aμ is the gluon ﬁeld with the gauge coupling constant g
and mˆ = diag(mu, md, ms) denotes the current quark mass matrix 
that shows explicit chiral and ﬂavor SU(3) symmetry breaking, 
of which their numerical values are given as mu = md = 5 MeV
and ms = 150 MeV. The fermionic determinant D˜et can be di-
vided into two parts corresponding to the low and high Dirac 
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ter M1: D˜et(m, Mcut) := D˜etlow(m, M1) ˜Dethigh(M1, Mcut). The high-
frequency part D˜ethigh was shown to contribute to the statistical 
weights of individual instantons. That is, it inﬂuences mainly the 
renormalization of the coupling constant in a sense of the renor-
malization group equation. On the other hand, the low-frequency 
part D˜etlow can only be treated approximately, the would-be zero 
modes being only taken into account. It was proven that the D˜etlow
depends weakly on the scale M1 in a broad range of M1, so 
that the matching between D˜ethigh and D˜etlow turns out to be 
smooth [38]. The natural choice of the parameter M1 can be taken 
to be roughly M1 ∼ 1/ρ¯ , where ρ¯ is the average size of instantons 
1/ρ¯  600 MeV. Thus, as mentioned already, 1/ρ¯ can be consid-
ered as the natural scale of the present model. Of course the choice 
of ρ¯  600 MeV is not strict but has some ambiguity. We will dis-
cuss this ambiguity in the context of the tensor form factor later.
The low-frequency part D˜etlow was derived in Refs. [38,64,65]
and its explicit form is written as
D˜etlow =
(
det(i/∂ + /V + σ · T + imˆ))−1 ∫ ∏
f
Dψ f Dψ
†
f
× exp
(∫
d4xψ†f (i/∂ + /V + σ · T + im f )ψ f
)
×
∏
f
⎧⎨⎩
N+∏
+
V+, f [ψ†f ,ψ f ]
N−∏
−
V−, f [ψ†f ,ψ f ]
⎫⎬⎭ , (18)
where
V˜±, f [ψ†f ,ψ f ] =
∫
d4x
(
ψ
†
f (x) L f (x, z)i/∂±,0(x; ξ±)
)
×
∫
d4 y
(

†
±,0(y; ξ±)(i/∂L+f (y, z)ψ f (y)
)
. (19)
The ψ f denotes the quark ﬁeld, given ﬂavor f . The m f is the cur-
rent quark mass corresponding to ψ f . The N+ and N− stand for 
the number of instantons and anti-instantons. The gauge connec-
tion L f is deﬁned as
L f (x, z) := Pexp
⎛⎝ x∫
z
dζμVμ(ζ )
⎞⎠ , (20)
which is essential to make the nonlocal effective action gauge-
invariant and should be attached to each fermionic line. The 
±,0(x; ξ±) represents the zero-mode solution of the Dirac equa-
tion in the instanton (Aμ,+) and anti-instanton (Aμ,−) ﬁelds 
(i/∂ + /A±)±,0(x; ξ±) = λn±,0(x; ξ±). Having exponentiated and 
bosonized the fermionic interactions V±, f , and having averaged 
the low-frequency part of the fermionic determinant D˜etlow over 
collective coordinates ξ± , we arrive at the effective chiral partition 
function of which the detailed derivation can be found in Refs. [38,
64,65,70].
Since our main concern is to compute the K → π tensor gener-
alized form factors in the present work, we set the stage for them 
by using the relevant effective chiral action of the NLχQM with 
the external tensor source ﬁeld Tμν derived from Eq. (18):
Seff[T ] = −Spln
[
i/∂ + imˆ+ i√MUγ5√M + Tμνσμν
]
. (21)
Here, the functional trace Sp runs over the space–time, color, ﬂa-
vor, and spin spaces. Note that isospin symmetry is assumed. The 
nonlinear pseudo-Nambu–Goldstone boson ﬁeld is written as
Uγ5 = exp
(
iγ5
F
λ · φ
)
, φ = (π, K , η), (22)
φwhere the pion and kaon weak-decay constants are chosen to 
be (Fπ , FK ) = (93, 113) MeV empirically. The pseudoscalar meson 
ﬁelds are deﬁned by
λ · φ = √2
⎛⎜⎝
1√
2
π0 + 1√
6
η π+ K+
π− − 1√
2
π0 + 1√
6
η K 0
K− K¯ 0 − 2√
6
η
⎞⎟⎠ . (23)
For the numerical calculations, we use the mass values for the pion 
and kaon as (mπ , mK ) = (140, 495) MeV throughout the present 
work, taking the ﬂavor SU(3) symmetry breaking into account. 
The momentum-dependent dynamical quark mass, which is in-
duced from the nontrivial quark-instanton interactions and indi-
cates SBχS, is given by
M f (k) = M0F 2(k)
⎡⎣
√
1+ m
2
f
d2
− m f
d
⎤⎦ , (24)
where M0 is the constituent quark mass at zero quark virtuality, 
and is determined by the saddle-point equation, resulting in about 
350 MeV [38,39]. The form factor F (k) arises from the Fourier 
transform of the quark zero-mode solution for the Dirac equation 
with the instanton and has the following form:
F (k) = 2τ
[
I0(τ )K1(τ ) − I1(τ )K0(τ ) − 1
τ
I1(τ )K1(τ )
]
, (25)
where τ ≡ |k|ρ¯2 . In this work, however, we use the following 
parametrization for numerical convenience:
F (k) = 2μ
2
2μ2 + k2 , (26)
where μ = 1/ρ¯ = 600 MeV can be regarded as the renormaliza-
tion scale of the model. In order to take into account the explicit 
ﬂavor SU(3) symmetry breaking effects properly, we modify the 
dynamical quark mass with the m f -dependent term given in the 
bracket in the right-hand side of Eq. (24) [69,70] in such a way 
that the instanton-number density N/V is independent of the 
current-quark mass, where N and V denote the number of in-
stantons and the four-dimensional volume, respectively. Pobylitsa 
took into account the sum of all planar diagrams in expanding 
the quark propagator in the instanton background in the large Nc
limit [69]. Taking the limit of N/(V Nc) → 0 leads to the term in 
the bracket of Eq. (24). The parameter d is chosen to be 0.193 GeV. 
It is worth noting that this modiﬁcation gives a correct hierarchy 
of the strengths for the chiral condensates: 〈u¯u〉 ≈ 〈d¯d〉 > 〈s¯s〉 [71].
The matrix element in Eq. (8) can be straightforwardly derived 
by taking the functional derivative of Eq. (21) with respect to the 
pion, kaon, and external tensor ﬁelds, resulting in
〈π−(p′)|s¯σμνu|K 0(p)〉
= − 8Nc
Fπ FK
∫
d4l
(2π)4
[√
M2dMuMs
GuGdGs
 i jkkiμk jν M¯kfk
−
√
MuMs
2GuGs
(
ksμkuν − ksνkuμ
)]
, (27)
where we introduced M¯ f (k2f ) = m f + M f (k2f ) and G f = k2f + M¯2f
with f = (u, d, s). The ﬁrst and second terms inside the squared 
bracket in the right-handed side of Eq. (27) correspond to the dia-
grams (a) and (b) of Fig. 1, respectively. The quark four momenta 
464 H.-D. Son et al. / Physics Letters B 747 (2015) 460–467Fig. 1. Relevant Feynman diagrams for the K → π transition tensor form factor. The 
solid, dash, and wavy lines denote the quark, the pseudoscalar meson, and the ten-
sor operator, respectively. The four momenta of the quarks are deﬁned and explicitly 
given in Eq. (28).
shown in the ﬁgure are deﬁned as follows:
ku = l + p
2
+ 
2
, kd = l − p2 −

2
, ks = l + p
2
− 
2
. (28)
The four-momenta of the kaon at rest and the pion are deﬁned in 
the center-of-mass frame as
p = (0,0,0, iEK ) ,
p′ =
⎛⎝−
√√√√( t +m2K +m2π
2mK
)
−m2π ,0,0, iEπ
⎞⎠ . (29)
In order to compare our numerical results of the transition ten-
sor form factor with those of other works, it is crucial to know the 
renormalization scale, since the tensor current is not the conserved 
one. Results at two different scales are related by the following the 
next-to-leading (NLO) order evolution equation [21,67,68]:
BKπT 1,0(μ
2) =
(
αs(μ
2)
αs(μ
2
i )
)4/27
×
[
1− 337
486π
(αs(μ
2
i ) − αs(μ2))
]
BKπT 1,0(μ1) (30)
with the NLO strong coupling constant
αNLOs (μ
2) = 4π
9 ln(μ2/2QCD)
[
1− 64
81
ln ln(μ2/2QCD)
ln(μ2/2QCD)
]
, (31)
where μi denotes the initial renormalization scale, and we take 
N f = 3 in the present work. Note that the scale dependence of 
the tensor form factor given in Eq. (30) is rather mild. As will 
be shown explicitly in the next section, the tensor form factor is 
changed approximately by 10% when one scales down from μ =
2 GeV to μ = 0.6 GeV. It indicates that even though we choose 
some higher or lower value of the scale of the model, the result 
is not much changed. Thus, the ambiguity in choosing the scale 
of the present model will have only a tiny effect on the result of 
the tensor form factor when one scales it to another normalization 
point.
4. Numerical results and discussions
In this section, we present the numerical results and discuss 
them. We start with the K → π transition vector form factors. 
While the kinematically accessible region for the K → π semilep-
tonic form factors fl+ and fl− is restricted to m2l ≤ t ≤ (mK −mπ )2, 
where ml is the lepton mass involved in the decay, the general-
ized transition vector form factors AKπ1,0 and C
Kπ
1,1 related to the 
transition GPDs can be also deﬁned in the space-like region, since 
they can be extracted in principle from exclusive weak processes. Fig. 2. (Color online.) The K → π transition vector form factors as functions of t in 
the space-like region. The solid curve draws the result of AKπ1,0 , whereas the dashed 
one depicts that of C Kπ1,1 .
In Fig. 2, we show the results of the K → π transition vector form 
factors AKπ1,0 and C
Kπ
1,1 in the space-like region. Both form factors 
fall off as |t| increases. The magnitude of AKπ1,0 turns out to be 
much larger than that of C Kπ1,1 . This can be understood from the 
results for the K → π semileptonic decay [37] in which the mag-
nitude of fl+(m2l ) is approximately eight times larger than that 
of fl−(m2l ). It is the general tendency also known from other ap-
proaches.
In the left panel of Fig. 3, we depict the transition tensor form 
factors BKπ1,0 as a function of −t at two different scales. Since it de-
pends on the renormalization scale, we examine the scale depen-
dence of the transition tensor form factor, based on Eq. (30). The 
solid curve draws the present result, which is given at the renor-
malization scale μ = 0.6 GeV of the NLχQM, whereas the dashed 
one represents the form factor at μ = 2.0 GeV, which corresponds 
to the scale of LQCD [16]. We observe that the transition tensor 
form factor depends mildly on μ. The value of the form factor at 
t = 0 is given respectively as BK 0π−T (0) = 0.792 at μ = 0.6 GeV
and BK
0π−
T (0) = 0.709 at μ = 2 GeV. That is, the magnitude of the 
form factor is approximately reduced by 10%, when μ is scaled up 
to μ = 2 GeV from μ = 0.6 GeV. Since the scale factor is an over-
all one, the t-dependence of the form factor is not affected by the 
scaling. The right panel of Fig. 3 draws the transition tensor form 
factor normalized by its value at t = 0 in comparison with that of 
LQCD [16] at μ = 2 GeV. Note that Ref. [16] computed the transi-
tion tensor form factor f KπT (t) deﬁned as
〈π0(p′)|s¯σμνd|K 0(p)〉 =
(
p′μpν − p′ν pμ
) √2 f KπT (t)
mK +mπ , (32)
which can be written in terms of BKπT1,0:
f KπT (t) =
mK +mπ
2mK
BKπT 1,0(t). (33)
At t = 0, the value of the form factor f KπT (0) is obtained to be 
f KπT (0) = 0.45 at μ = 2 GeV, while the lattice result becomes 
f KπT (0) = 0.417 ±0.014(stat) ±0.05(syst) at the physical pion mass 
after the extrapolation from mπ = 270 MeV. Hence, the present re-
sult is in good agreement with the lattice one. The present result 
of the form factor falls off faster than that of LQCD. The reason can 
be found in the fact that the pion mass employed in LQCD is still 
larger than the physical one. A similar feature is found in the case 
of the nucleon tensor form factor [72,73]. The lattice results of the 
nucleon tensor form factors also fall off rather slowly.
Once we have derived the transition vector and tensor form fac-
tors, we can proceed to the calculation of the transverse quark spin 
density in the course of the K → π transition, using Eq. (11). In 
H.-D. Son et al. / Physics Letters B 747 (2015) 460–467 465Fig. 3. (Color online.) The K → π transition tensor form factors as functions of −t in the space-like region. In the left panel, the solid curve draws the result of BKπT1,0 at 
μ = 0.6 GeV, whereas the dashed one depicts that of BKπT1,0 at μ = 2.0 GeV. The right panel compares the result of BKπT1,0 with that from lattice QCD at μ = 2.0 GeV.
Fig. 4. (Color online.) Unpolarized (left) and polarized (right) transverse quark-spin densities (TQSD) for K 0 → π− in the transverse impact-parameter plane (bx–by ), being 
calculated at μ = 0.6 GeV. We take the quark spin polarization as sx = +1.doing so, it is more convenient to parameterize the form factors in 
the p-pole type, which is usually employed in the lattice calcula-
tion [32]:
F Kπ1,0 (t) =F Kπ1,0 (0)
(
1+ t
pM2p
)−p
, (34)
so that the Fourier transform can be easily carried out. Having 
ﬁtted the results of the form factors shown in Fig. 2 and the 
left panel of Fig. 3, we are able to determine the parameters 
as p = 0.850 and Mp = 1.312 GeV for AKπ1,0 and p = 2.172 and 
Mp = 0.776 GeV for BKπT 1,0, respectively, at μ = 0.6 GeV. Using 
these values, we can easily derive the quark spin transverse den-
sity in the course of the K → π transition, which is deﬁned in 
Eq. (11).
When quarks involved in the K → π transition are not polar-
ized in the transverse plane, the transverse quark spin density is 
deﬁned only in terms of AKπ1,0 : ρ
Kπ
1 (b) = AKπ1,0 (b2)/2, which is just 
the same as the transverse charge density apart from the factor 
1/2. The left panel of Fig. 4 draws this transverse spin density of 
the unpolarized quark in the K → π transition. The result shows 
that the transverse spins of the quarks are uniformly distributed. 
Note that the density is singular at b = 0, which is very similar 
to the transverse quark spin densities of the pion and the kaon 
[52,53]. On the other hand, if one of the quarks is polarized along 
the bx direction, that is, s⊥ = (±1, 0), then the transverse quark 
spin density in the K → π transition gets shifted to the positive 
by direction, as shown in the right panel of Fig. 4. It is of great use to compute the average shift of the density so that we may see 
how much the transverse quark spin density is distorted by the 
quark polarization. One can deﬁne the average shift of the density 
to the by direction as follows:
〈by〉Kπ =
∫
d2b by ρKπ1 (b, s⊥)∫
d2bρKπ1 (b, s⊥)
= 1
2mK
BKπT 1,0(0)
AKπ1,0 (0)
. (35)
We obtain the numerical value 〈by〉Kπ = 0.169 fm, which can be 
compared with those of the pion and the kaon. The average shift 
of the transverse quark spin density in the pion was obtained to 
be 〈by〉π = 0.152 fm that was almost the same as the lattice cal-
culation 〈by〉π = 0.151 ± 0.024 fm [52], whereas those in the kaon 
turned out to be 〈by〉K ,u = 0.168 fm and 〈by〉K ,s = 0.166 fm for 
the up and down quark components in Model I in Ref. [53]. Thus, 
we ﬁnd that the transverse quark spin density of the K → π tran-
sition shows the largest shift in comparison with those in the pion 
and the kaon.
Fig. 5 illustrates the proﬁle of the polarized transverse quark 
spin density of the K → π transition at two different scales. It 
shows clearly the distortion of the density in the positive by direc-
tion. The scaling effect turns out to be negligible for the transverse 
quark spin densities.
5. Summary and conclusion
In the present work, we have studied the transition vector and 
tensor form factors for the K → π transition within the framework 
466 H.-D. Son et al. / Physics Letters B 747 (2015) 460–467Fig. 5. (Color online.) The proﬁle of the polarized transverse quark spin densities at 
μ = 0.6 GeV (solid curve) and μ = 2 GeV (dashed curve), with bx = 0 ﬁxed.
of the nonlocal chiral-quark model from the instanton vacuum. We 
presented the numerical results for the form factors and compared 
in particular the tensor form factor with that of lattice QCD, con-
sidering the renormalization group evolution. We also presented 
the results for the transverse quark spin density in the course of 
the K → π transition without and with quark polarization in the 
transverse direction. We summarize below the important theoreti-
cal observations in this work:
• The vector and tensor form factors smoothly decease as −t
increases. The value of the tensor form factor at t = 0 becomes 
BKπT (0) = 0.792 at the renormalization scale μ = 0.6 GeV and 
BKπT (0) = 0.709 at μ = 2.0 GeV, while its overall t dependence 
does not change much.
• The transition vector and tensor form factors can be parame-
terized by a p-pole type one, which is a function of M and p, 
resulting in (p, M) ≈ (2.172, 0.776 GeV).
• The present theoretical result f KπNLχQM(0) = 0.45 for the transi-
tion tensor form factor at t = 0 is in good agreement with that 
from lattice QCD f KπLQCD(0) = 0.417 ±0.014(stat) ±0.05(syst) at 
μ = 2 GeV.
• The transverse quark spin density of the K → π transition was 
also computed as a function of the impact parameter b. When 
a quark in the course of K → π transition is polarized in the 
bx direction, the density becomes shifted to the positive by
direction. The average shift of the density 〈by〉Kπ = 0.169 fm
at μ = 0.6 GeV is larger than those of the pion and the kaon.
In the present work, we wrote explicitly the expressions for the 
weak transition generalized parton distributions that include all in-
formation about the K → π transition. These generalized parton 
distributions can be studied within the same theoretical frame-
work. The corresponding investigation is under way.
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